Two types of variation principles of linear irreversible processes established respectively by Onsager and Prigogine are generalized, so as to be applicable to non-linear processes as well. In the application to the conductor with negative differential resistivity, it is shown that Onsager's principle is suitable to the current-controlled case and Prigogine's principle to the voltage-controlled case. The spatial splittings in the conductor into high and low current filaments and voltage domains respectively occur as similarly as shown previously by Ridley, where his unreasonable conclusion based upon the minimum entropy production valid only for linear processes is revised. Finally, Onsager's and Prigogine's variation principles are approached from a unified view-point of thermodynamical theory of stochastic processes. § 1. Introduction
many years ago. It was also shown 2 )-4) that they are derived from a certain sort of variation principle_ In the theory of Boltzmann equation, the above principle was presented in the concrete for the system of conduction electrons accompanied with phonons in solids 5 )-8) and also for the system of molecules in gases.
g )
The quantum mechanical version of Onsager's variation principle was also formulated on the basis of the von-Neumami equation. IO ) The variation principle of minimum entropy production in the theory of linear irreversible processes were presented by Prigogine, l1) where the stationary state of a system is characterized by the minimum entropy production per unit time compatible with certain constraints imposed on the system. It is derived on the basis of the second law of thermodynamics by making use of the reciprocal relations proved in the above Onsager theory.
The variation principle by Prigogine was generalized to non-linear case by himself in collaboration with Glansdorff l2 ) in the form of so to speak a pseudovariation principle. Generalization of Onsager's principle to the non-linear case was attempted by the present author. 13) A non-linear generalization of the above quantum-mechanical principle lO ) has also been proposed recently by Ichiyanagi.
)
On the other hand, Ridleyl5) discussed specifically non-linear processes in electric conductors with negative differential resistivity for current-controlled and voltagecontrolled cases, by applying Prigogine's principle of minimum entropy production bnly valid for linear processes. These systems were investigated by Takeyama and Kitahara, 16) on the basis of a variation principle in electromagnetism introduced *) Now retired. Present address: 3-110, Issiki-sinmati 2-401, N akagawa-ku, Nagoya 454.
without explicit use of Glansdorff and Prigogine'sargument. 12 ) Their theory is quite lucid in the voltage-controlled case, but rather nebulous in the current-controlled case. The present paper is concerned with the variation principles by Onsager on the one hand and by Prigogine on the other hand, paying particular attention to the processes in electric conductors mentioned above. In § 2, the variation principle of the non-linear irreversible processes is presented as a generalization of Onsager's one for linear processes and applied to the case of current-controlled negative differential resistivity. In § 3, the variation principle of non-linear processes of GlansdorffPrigogine's type is discussed and applied to the voltage-controlled case. In § 4, concluding remarks are given concerning the relation between the non-linear variation principles of the both types from a unified point of view of thermodynamical theory of stochastic processes. § 2. Var~ation principle of Onsager's type and the current-controlled negative differential resistivity
Onsager assumed that a departure from thermal equilibrium can be described by a set of macroscopic variables ai, "', an and that the relations between the rate of the temporal changes ch, "', an and the thermodynamical forces XI, ;", Xn are linear, where Xi's defined by (i=1, "', n) (1) in terms of the entropy S(al, "', an) as a function of ai, "', an. On the basis of the joint probability function W for the state defined by the sets ai, "', an and al + .dal, "', an + .dan at the successive times t and t +.dt, respectively, given by the formula klnW~[S(al, "', an)+S(al+.dal, "', an+.dan) (2) he derived the equations describing the most probable course of an irreversible process expressed in terms of a constant and positive definite matrix Rij as
where the dissipation functions (1J and 7Jf have been defined in (2) by (5) The factor one half on the right-hand side of Eq. (2) was dropped originally by Onsager,2) which was revised by Hashitsume 4 ) and later also by Onsager himself in collabolation with Machlup. 3) By making use of the thermodynamic forces Xi defined by (1) , the condition for In the case @, the straight line AE tangent to the curve both at A and at B is parallel with' the tangent at C, and the inflexion points of the curve appear at the points Band D.
making the joint probability maximum with ai, "', an or XI, "', Xn being kept constant is written down as (6) which leads to the relation (3) by the substitution from (4). The variation principle (6) has been generalized by the present authorl3) to the case in which the dissipation function (/J does not necessarily possess such a quadratic form as in Eq. (4). The factor one half was missed there*) as was done by Onsager.
In the case of one variable concerned in the process, the relations of the dissipation function (/J to a( = aI) are shown schematically in Fig. 1 for the linear and non-linear cases, in which a is replaced by J to indicate the flow in the later discussions. According to the minimum principle (6), the pair of curves in Fig. 1 lead to the the relations between J and X, as shown by the curves in Fig. 2 , respectively. A more explicit description of continuity is desirable for the real fluid or fluid-like system, of which equations of continuity accompanied with conversions of chemical components hold. Those equations are expressed as
where u(r), W(r), nl(r) and JrCr) represent the energy and energy flow densities, and the particle and particle flow densities of the molecular species y, respectively. The chemical reactions are represented by equations in terms of the molecular formula C for each molecular component y as
*) Professor H. Hasegawa kindly pointed out to the author. whose reaction rates are denoted by Vp. By making use of (7) and (8), the variation principle (6) can be rewritten down as l7 )
where J u and J r represent the energy flow density and particle flow density of the component r and Xu and Xr the thermodynamic forces conjugate to those, respectively. Similarly, Yp is conjugate to the reaction rate Vp. They are given by (10) where T and flr represent the temperature and the chemical potential for the molecular component r, respectively, and Ap denotes the chemical affinity of the
The dissipation function ([J in (9) is expressed in a bilinear form as 
with the use of the kinetic coefficients Ruu and so forth corresponding to Rij in (4). The variation principle presented in the form (9) is generalized here, so that the dissipation function ([J is not necessarily bilinear such as given by (12) . For a simplest case in which the state can be defined by a single variable, we get
where the dissipation function ([J(J) can be represented schematically as a function of J by such curves as in Fig. 1 . In particular, we are interested in the curve @ therein. The minimum condition (l3) leads to the relation between J and X as shown by the curve @ in Fig. 2 . From experimental point of view, we find out directly the relation between X and J such as shown by the curves in Fig. 2 for a specific material. Therefrom, ([J(J) can be obtained through the integration as
For the sake of brevity, we rewrite (9) as (15) in which the flow densities and their conjugate forces are denoted as Jl, ···In and Xl, ... X n , respectively. The minimum condition leads to (16) In the case of conductor with current-controlled negative differential resistivity, J and X should be read as the electric current and field strength, respectively. The lead line of conductor is split into filaments with high and low current densities JI, J 2 along the field direction, similarly to the result derived by Ridleyl5) excepting that the unreasonable estimates of J 1 and J 2 are revised here, as schematically shown in Fig. 2 . § 3. Variation principle of Prigogine's type and the voltage-controlled negative resistivity By substituting Eqs. (7) into the inequality for the differential of the entropy 5 due to the second law of thermodynamics, (17) and executing a partial integration, we obtain (18) where the thermodynamic forces are kept constant at the boundary of the system. In case there exist linear relations similar to (5), viz.,
the inequality (18) can be rewritten as (20) where P represents the entropy production given by (21) Owing to the inequality (20), P has to be minimum in the steady state, where Eqs. (19) are fulfilled. Thus, we get the principle of minimum entropy production. The energy flow W can be replaced by the heat flow Q in (19) as
where
In order to discuss non-linear as well as linear cases in general, we divide into two terms as ( 
24)
where we have defined
According to (30), the system gets stable, as the function P' playing the role of entropy production attain the minimum. In the case of multi-pairs, we have
Also in such a case, under the condition (33) we define the function (34) which plays the role of entropy production. When the integrand on the right-hand side of (31), viz., (35) relates to the force X such as schematically shown in Fig. 3 , the dependence of the flow J upon X demanded by the condition for minimizing lJf(X) is shown by the curves in Fig. 4 . This corresponds to the voltage-controlled case in the electric conductor, where J and X( = E) represent the electric current density and field strength, respectively. By applying the Maxwell construction to the curve @ in Fig.  2 , XI and X 2 or the electric fields EI and E2 are determined. So long as the voltage applied to the conductor of total length 1 comes between Ell and E21, the conductor is split into domains of field strength EI and E 2 , respectively, with walls perpendicular to the field direction, so that (36) where II and 12 denote the total widths of the domains of EI and E2, respectively, and II + 12= 1. It is to be noted that the values of EI and E2 differ from those given by Ridleyl5) and agree with the result derived by Takeyama and Kitahara l6 ) on the basis of electromagnetic theory. CD: linear case, @: non-linear case.
In case @, the straight line AE tangent to the curve both at A and at B is parallel with the tangent at C, and the inflexion points of the curve appear at the points Band D_ In case @, the Maxwell construction law can be applied, so that the areas of the crescents ABCA and CEDC are equal to each other and the representative point moves along the straight line ACE as X increases from XI to Xz. § 4. Concluding remarks
In the preceding sections, the two sorts of variation principles of non-linear irreversible processes have been presented independently. In conclusion, we understand these in a unified theoretical point of view of stochastic processes.
We start again with the joint probability W given by (2) . It is a function of ai, "', an and al'( = al + LJal), "', an'( = an + LJan). On the other hand, we can also regard it as a function of lh, "', an and XI, "', Xn and therfore regard as a joint probability with respect to these variables. From·this point of view, the minimum problem (6) has been derived from the condition for making W maximum in respect of lb, "', an with XI, "', Xn being kept constant. As the problem complementary to (6), we have another one, in which ai, "', an are kept constant in place of XI, "', Xn: viz.,
The minimum condition (6) 
demands that

Xi=i)(p/aai.
On the other hand, (37) leads to ai=alJf/aXi.
It is noted that the minimum problem (6) and the relation (38) corr:espond to Ongager's variation principle and that (37) and (39) to Prigogine's.*)
A similar argument can also be made for the case of transport processes in which continuity equations for some density variables such as the number density n, the energy density u and so forth. Taking these density variables at any spatial points as the macroscopic variables, al,"', an, we can write down logarithm of the joint probability (2) in a form of integral over whole space of the system. As shown in Appendix, that can be rewritten in the form similar to the left-hand side of (9), which, however, should be supplemented in the integrand by a function lJf of the thermodynamical forces. In result, we can obtain the minimum problem 
which leads to the relation
On the other hand, in the former case, a flow J and its conjugate force X connected with each other through the dissipation functions (JJ(J) and lJf(X) by
Therefrom we get an additive relation
which is contrast with the substractive relation (43).
In the present paper, only the formal aspects of the variation principles of non-linear irreversible processes have been investigated by paying no attention to specific microscopic mechanisms behind the non-linearity. In the case of electrical conduction, a mechanism is suggested by Ridley and Watkins
18
) for semiconductor as due to a lower energy band and one or more higher energy bands with smaller mobility. It is desirable to clarify the relations of the dissipation functions causing non-linear processes with the molecular dynamics in various cases.
where we have made use of coefficients fRuu(r-r'), 1: uu(r-r'), Mpp,(r-r') and so forth and of abbreviations ~u=l/T , ~r=-J1.r/T ,
By Making use of continuity equations (7) 
In the short-range limit of bilinear couplings of forces and those of fluxes, we obtain (40) in the main text, where ([J is given by (12) in the main text and 1Jf is expressed as
